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The purpose of this paper is to propose a stochastic extension of the Chain-Ladder model in a Dirichlet random
environment to calculate the provesions for disaster payement. We study Dirichlet processes centered around the
distribution of continuous-time stochastic processes such as a Brownian motion or a continuous time Markov
chain. We then consider the problem of parameter estimation for a Markov-switched geometric Brownian
motion (GBM) model. We assume that the prior distribution of the unobserved Markov chain driving by the
drift and volatility parameters of the GBM is a Dirichlet process. We propose an estimation method based on

Gibbs sampling.
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I Introduction

The calculation of the provisions for disaster
payments is intended to allow the integral payment of
the commitments to the policy-holders and the
recipients of the contract. The provisions measure the
commitments that the insurer still has to honor.
Nevertheless, this countable concept requires a
subjacent probabilistic model, since it allows one to
define the ultimate claim, taking into account the
disasters not yet declared but which have occurred,
the disasters not sufficiently funded. Reserves are
given by evaluating the provisions for each contract,
IBNR (sinister not yet declared) and IBNER (sinister
not sufficiently funded). Traditional methods of
provisioning (by triangulation) rest on the assumption
that the data are homogeneous and in sufficient
quantity to ensure a certain stability and a certain
credibility. The purpose of this paper is to propose a
stochastic extension of the Chain-Ladder model in a
Dirichlet random environment, which seems to us to
be closer to reality than the existing methods of
Schnieper,R [32]; Mack, T [24]; H.Liu and R.Verrall
[31]; Verrall, R. J. and England, P. D.[37]. We study
the estimation of claim reserves in non-life
reinsurance using Drichlet processus.
In a famous paper, Ferguson [15] introduced the
Dirichlet process (DP) with the parameter & , a non-

negative finite measure on a measurable space V , as
a random probability measure P on V whose
finite-dimensional  distributions are  Dirichlet
distributions, P being centered around the
probability measure @ =a/a(V) where the
positive number (V) expresses a confidence
degree on o .

There is a large literature on many
interesting theoretical properties of the DP, see e.g.
Ferguson [15], [16], Blackwell and MacQueen [2],
Antoniak [1], Kingman [21], Sethuraman [33],
Pitman and Yor [27], etc. It is also well-known that
the Dirichlet distribution and the DP are extensively
used in various applications, in the setting of
nonparametric Bayesian statistics, see e.g. Ishwaran
and Zarepour [19], Ishwaran and James [18], [20],
Blei, Ng and Jordan [4], Dahl [7] etc. In all these
applications, the authors deal with a probability
measure ¢ defined on a finite-dimensional space
and it seems that the idea of using an infinite-
dimensional space, such as a functional space, first
appeared in MacEachern (2000) [25] and Faires [14].
In the present paper we develop this idea in two

directions. In the section below, we take o = H,
the distribution of a continuous time Markov chain
on a finite set of states. We then propose a new
hierarchical model: a stochastic differential equation
(SDE) in random environment with a Dirichlet prior
on the path space of the chain, the states of the chain
representing the environment. Our estimation
method, presented in Section 6, is a generalization to
continuous time of the classification method of
Ishwaran - Zarepour [19] and Ishwaran - James [18]
for estimating normal mixtures with a Dirichlet prior,
the new problem appearing here being that we
observe just one single path with dependent data.
Actually, in our approach, the states of the chain are
considered as classes and the classification procedure
is performed along this single path. This method,
which hinges on Gibbs sampling, requires some
posterior distribution computations that are presented
below. In Section 7, the algorithm is applied to a real
dataset coming from the B.E.S.T.R.E company.
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Models in which parameters move between
a fixed number of regimes with switching controlled
by an unobserved stochastic process, are very popular
in a great variety of domains (Finance, Biology,
Meteorology, Networks, etc.). This is notably due to
the fact that this additional flexibility allows the
model to account for random regime changes in the
environment. In this paper we consider the estimation
problem for a model described by a stochastic
differential equation (SDE) with Markov regime-
switching (MRS), i.e., with parameters controlled by
a finite state continuous-time Markov chain (CTMC).
Such a model was used, for example, in Deshpande
and Ghosh (2008) to price options in a regime
switching market. In such a setting, the parameter
estimation problem poses a real challenge, mainly
due to the fact that the paths of the CTMC are
unobserved. A standard approach consists in using
the celebrated EM algorithm (Dempster, Laird,
Rubin, 1977) as proposed for example in Hamilton
(1990). Elliott, Malcolm and Tsoi (2003) study this
problem using a filtering approach.

In the present paper, our estimation is
Bayesian, the aim being to find a pair (parameters,
CTMC path) with likelihood as large as possible.
approach. We refer the reader to Schnatter (2006) for
a wider discussion on Markov switching models and
the comparative advantages of the Bayesian
approach. Standard priors are placed on the
parameters space but, as the CTMC paths are
unobserved, a large number of paths are drawn from
a Dirichlet process placed as a prior on the path space
of the CTMC. The complete model then appears as a
Hierarchical Dirichlet Model (HDM), as in Ishwaran,
James and Sun (2000) and Ishwaran and James
(2002). The estimation procedure for the model
considered in this paper requires some rather
nontrivial computations of posterior distributions due
to the temporal level induced by the specific SDE and
the CTMC. Using the well-known stick-breaking
approximation, each set of iterations selects the pair
with largest likelihood and then the Dirichlet process
is updated in order to look for other paths which can
further improve the likelihood.

The considered SDE is that of a geometric
Brownian motion, a popular model for asset prices in
mathematical finance which depends on two
parameters, namely the drift and volatility. It is
considered in the extended MRS setting so that the
CTMC transitions correspond to regime changes in
the market.

The rest of the paper is structured as follows. In
Section 2 we present the stock price SDE with MRS
and the complete HDM. Section 3 is devoted to the
posterior computations. The estimation algorithm is
described in Section 4. Numerical results are
Scholes with jump. This assumption on the

probability density function of Nti ensures positivity

presented in Section 5 for one simulated data and on
a data from the Indian market. We conclude with a
summary in the last Section.

1. Bayesian
Model

Our model is specified in a mathematical finance
setting but it can be extended in a similar way to
various contexts.

The following notations will be adopted:

N will denote the number of observed data and
also the length of an observed path,

M will denote the number of states of the
Markov chain,

The state space of the Markov chain will be
denoted by S ={i:1<i<M},

N will denote the number of simulated paths,
Given a path of the CTMC, M will denote the
number of distinct states in that path.

Regime  Switching

2.1 Hypotheses and description of the model

We suppose that the available data have a
triangular form indexed by the year of accident, i,
and development time, t. Given a triangle, on T
years, the goal is to consider models using a
minimum of parameters, in order to envisage the best
possible amounts of payments of future disasters. We
note the evolution of the amounts of payments of the
cumulated real disasters obtained by

{Cl; i=12..,T;, te[,T-i+1}}.
Cti indicate the evolution of the cumulated

real disasters indexed by the year of accident, i, and
the time of development, t. We suppose that the

increase in the disasters obtained (C; —C, ) is the
sum of the disasters not sufficiently funded (—D,),

and of the not declared yet claims (N,) . We write
the following relations between C, N and D.
C/=C/,-D/+N/, 1<i<n, Vte[l, +ol.
_ o 1)
We indicate by H, ={D/,N;|i+t<s+1} all
the variables in the triangles D and N observed

until the moment S .
To simulate the future claims, it is supposed

that the not sufficiently funded claims (Dti)te[l,m[’
the stochastic differential equation of diffusion and
the not yet incurred claims (N ), ... are governed
by the stochastic differential equation of Black and
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and for Dti ensures the membership R, contrary to Conditionally with HiT , we simulate the distribution

what is proposed by H.Liu and R.Verrall HLRV . of N; as solution of the following stochastic
differential equation;

dN; =N (a'(t, X,,N_)dt+7'(t, X,,N_)dB +x'dR), (2
NA_T-i+1=x,
where B, is a standard Brownian motion on R, P, is the Poisson process of intensity A, X, isa
Markov process at continuous time, @' :R* xNxR" >R, 7' :R* xNxR" — R verifying
[l X N )dt <o and [|7'(t, X N[ dt<co
and x' is a positive constant.
Conditionally with H'T , We suppose that the evolution of DtI is governed by the following diffusion:
dD! = p'(t, Xt’Dti—’ Nt‘_)dt+ai (t,Xt,D:_, N:_)dBt, ©))
DTl—i+1 = y!
where B, is a standard Brownian motion on R, X, is a Markov process at continuous time,

1 R*xNxRxR"* >R and o' :R"xNxRxR* —»R such that jlpi(t,Xt,Dtif,N:f)ldt<oo

and j|0i (t, X,, D:f, Nti7)|dBt <oo. The process (X,) is assumed to be a continuous time Markov
process taking values in the set S ={i:1<i<M}. The transition probabilities of this chain are denoted by
P;i» 1,J €S and the transition rate matrix is Q, = (0 ); jos With

& >0, o; =&py it =], and

Qi :_Zqii’ I,jes.
j#i
For any state 1 =1,2,...,M, consider priors y; and o; defined as follows
ind
1160 2 N@,7") 4)
6:N(0,A), A>0, (5)
ind
o; 1 T(n,v,) 6
where I'(v;,V,) denotes a Gamma distribution with shape parameter v, and scale parameter V.
Let us define the log-returns, Y, =Z,—Z,, =log(N,/N, ;) for the equation (13) and
Y, = D, — D, ; for the second equation (14), t =1,2,...,n.
Given a path X ={X ,0<s<n}. Let T;(t) be the time spent by the path X in state j in the
time interval [t —1,t]. Define

OED YOOI OED S OGN

20= 320070, ©
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p=3p(T0; 0= Do (T,0. @

Then, conditional on the path X , the solutions of the equations (13) and (14) are respectively given by :
* the solution of the first equation (13) is

_lemy, = Yoexp{j;(r(s)st +xdP,) + J:(,u(s) —@)ds}

(10)
25emxT,... (1+xAP,)e ™"

t=12,...,n,
and,
Y, areiid. N(p,,0,), t =1,2,...,n for the second equation (14).

2.2 Markov Regime Switching Model with Dirichlet prior
To make our model more flexible we complete it now by placing a Dirichlet prior D(ax H) with precision

parameter o >0 and mean H (see Ferguson, 1973) on the path space of the CTMC (Xt). The probability

measue H is the distribution of a CTMC and initially H is defined by taking as initial distribution the
uniform distribution on the states, that is

z=(1M,...1IM),
as transition matrix P
and as rates
A=1>0,i=1,..., M.

Thus the Markov chain under H will spend an exponentially distributed time with mean 1/4 in any state i
and then jump to state j # i with probability 1/(M —1).

A selection of a Markov chain path from the above Dirichlet prior can be generated as follows.
Generate a large number, say N |, of paths X ={x;:0<s<n},i=1,2...,N, from H . The parameter

A will be chosen to be small in order to get a large variety of paths. Next generate a probability vector
(p;,i=1,...,N) from a stick-breaking scheme with parameter & (see Sethuramane, 1994). Then draw a
path of the Markov chain from the distribution

N
p=2Pdy. (11
i=1

So we have just replaced the Dirichlet process D(ax H) by p, this approximation is justified by Sethuramane
result. Finally the prior for & is a Gamma distribution:

a:T(n.n,). (12
Our model is summarized by the following Dirichlet hierarchical model after choosing 7z, Q, N and drawing
Xiyoooy Xy from H:

a:T'(v,v,)

(p):SB(N, )

N

p= Zpié‘xi
i=1

6:N(0,A), A>0,
ind

110" N@,o%)
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ind
o, T(v,v,)

(X)):p

dN; [ X =N (a'(t, X, NL)dt+7'(t, X,,N_)dB +x'dR), (13)
D; .., =X, and
dD{ | X = p'(t,X,,D_,N_)dt+0o'(t, X,,D_,N_)dB,  (14)

D'Ii'—i+1 = y

Il. Estimation procedures
Roughly speaking, once 7z, Q, N chosen, N being large, and paths Xiy..oy Xy simulated from

H , a first estimation procedure of the above model parameters given the observations is doned by using a
blocked Gibbs sampling technique. This technique requires the posterior conditional distribution of each

parameter given the other parameters. Drawing an initial value of & and then a value of p, a path X is
drawn among X,,..., X w.rt p and the parameters updated. This path and the parameters provide a

likelihood. The aim the first procedure consists in selecting the pair (path, parameters) with maximal likelihood
after a long run.

This first procedure is repeated with the same 7, Q, N but with other simulated paths X,..., X

in order to improve the likelihood.
Once a pair (path, parameters) with maximal likelihood is chosen, 77 and Q are re-estimated from this

path in a standard way and the first procedure is repeated.
Let us now proceed to the detailed computations.

We denote by £ and o, the current values of the vectors (z4,44,,...,4,) and (0,,0,,...,0,),
respectively. Let Y be the vector of observed data (Y;,...,Y,). Given the current path X =(X,,0<s<n)
of the Markov chain, let X~ = (X;,...,X;,) be the distinct values in X.

3.1 Modifying the observed data set
In order to obtain the conditional distribution of the parameters, we first need to extract the change in

the log-returns between the jump times of the Markov chain. Let 0 =t, <t <t, <...<t, be the times at
which the path X changes state. Define the log-returns between the jump times, W, = |09(Stk/5tk 1),

k=1,2,...,J. To obtain realizations of the W, from the observed Y process, we need to simulate Gaussian

random variables conditioned on their sums.
Consider any t€{0,1,...,n} for which the chain changes state atleast once in the time interval

[t—1,t]. So for some p,k we have t,_, <t—1<t, <..<t_ <t<t, .. Let V= |Og(Stk/SH)

and V,> = log (Stlstmp)' Then,

p
Y, =V + Z\Nk+i +V,.2. (15)
i=1

Suppose that the chain X is in state J, in the time interval [t ,,t,;), 1=0,1,...,p+1. Set

So =t —(t-1), s =t —t.,, 1=12,..,p, and s,,; =t—t,, . Let m, = p; 8 and vy =08,

i=0,1,..., p+1. Recall that Y, : N(u(t),o(t)), where u(t),o(t) are as defined in (20). It is easy to see
that the joint conditional density of (\/tl,Wk+1,...,Wk+p) given Y, =y will be
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P 1V +V
f(u.,u,....,u)=C[ [exp(-=—2=% 16
(Ug,Uy,...,U,) 1_0[ p(= v (16)

p+1

2
[vpﬂmi +Vi(y_mp+1)J )’ (17)

\' —i—Vp+l
where C is a constant that depends on y and the parameters. Thus, one can simulate the variables

VLW W, g, W, , from independent Gaussian distributions and then obtain V,? using (15).

Using the above procedure, we can obtain a realization for all W, for which [t, ;,t ] = [t—1,t], for
some teq{0,1,...,n}. Now for any Kk for which there is a =0, such that
t-1<t , <t<t+l<...<t+q<t <t+g-+1 we canobtain W, using the relation

+V2

t+q+1°

q
W, =V, +
i=1
Note that the W values depend on the path X and the parameter values ¢, o and hence are to be computed
in each iteration of the Gibbs sampling procedure which we describe next.

(18)

t+i

V. Markov regime switching with Dirichlet prior
In this section, we take o = H , the distribution of a continuous time Markov chain on a finite set of
states, and we propose a new hierarchical model that is specified, in non-life reinsurance. Of course, this can be
similarly used in many other cases. We consider the Black-Scholes with jump SDE in random environment with
a Dirichlet prior on the path space of the chain, the states of the chain representing the environment due to the
disasters. We model the loss claim using a Black-Scholes with jump and standard diffusion with drift, volatility
and intensity depending on the state of the disasters. The state of the claim loss is modeled as a continuous time

Markov chain with a Dirichlet prior. In what follows, the notations o® and 72 will be both used to denote the
variance rather than the standard deviations.

The following notations will be adopted:
« N will denote the number of observed data and also the length of an observed path.

« M will denote the number of states of the Markov chain.
* The state space of the chain will be denoted by S ={i:1<i<M}.

« N will denote the number of simulated paths.
« M will denote the number of distinct states of a path.

* The IBNR claims and the IBENR claims follow respectively the following two SDE:
dN
t=a(t, X, N_)dt+7(t X,,N_)dB +xdP,,  t>0

t

dD, = p(t, X,,D_,N_)dt+o(t,X,,D_,N _)dB, t=>0.
where B, is a standard Brownian motion and P, is a Poisson process with intensity A . By Ito’s formula, the

process Z, = log(N,) satisfies the SDE,
dz, = u(X,)dt+7(X,)dB, + «dP,, t>0,

where p(X,) = a(Xt)—%rz(Xt)+K.ﬂ(Xt). The observed data are of the form Z,,Z,,...,Z,.
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« The process (X,) is assumed to be a continuous time Markov process taking values in the set
S ={i:1<i< M}. The transition probabilities of this chain are denoted by P;;, i,j €S and the transition
rate matrix is Q, = (;); jos With

& >0, o; =&py if i=], and qiiz_zqij' I, jeSs.

j#i
Let us define the log-returns, Y, =Z, —Z, , = log(N,/N,_;) for the equation (13) and Y, = D, —D,_, for
the second equation (14), t =1,2,...,n. Suppose we know the path X ={X ,0<s<n}. Let T;(t) be the
time spent by the path X instate j in the time interval [t —1,t]. Define

= YuTO  FO=DE0T0
A(t) = Zﬂ( T, ().

EOEDY OO OED Y- OO REY

Then, conditional on the path X , the solutions of the equations (13) and (14) are respectively given by :
- the solution of the first equation (13) is

—-lcmyY, = Yoexp{j;(r(s)st +xdP,) + .E(“(S) - r

Sag
(21)

25cmxI1,.._, (1+&kAP,)e ™,

t=1,2,...,n,
and,
-Y, areiid. N(p,,0,), t =1,2,...,n for the second equation (14).

*Foreach i =1,2,...,M, the priorson £ = u(i), p, = p(i), 7, = z(i), o, = o(i) and
A = A(i) are specified by
ot N(@@,7),  with 8:N(O, A),A> 0, (22)
ot :T(v,v,), (23)
A :T(c,,c,). (24)

« The Markov chain {X,,t = O} has prior D(a H), where H is a probability measure on the
path space of cadlag functions D([0,00),S). The initial distribution according to H is the uniform
distribution 7z, = (/M,...,1/M), and the transition rate matrix is Q with P; =1/(M -1) and
A = A > 0. Thus the Markov chain under Q will spend an exponential time with mean 1/ in any state i
and then jump to state j # i with probability 1/(M —1).

A realization of the Markov chain from the above prior is generated as follows: Generate a large
number of paths X, ={X; :0<s<n}, i=1,2,...,N, from H. Generate the vector of probabilities
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(p;,i=1,...,N) from a Poisson Dirichlet distribution with the parameter ¢, using stick breaking. Then
draw a realization of the Markov chain from
N
P=D>pidy. (25)
i=1
which is a probability measure on the path space D([0,n),S). The parameter A is chosen to be small so that

the variance is large and hence we obtain a large variety of paths to sample from at a later stage. The prior for
o is given by,

a:T(n.n,). (26)

V. Estimation
Estimation is made using the simulation of a large number of paths of the Markov chain which will be
selected according to a probability vector (generated by stick-breaking) and then using the blocked Gibbs
sampling technique. This technique uses the posterior distribution of the various parameters.

We denote by 1, p, A, o and 72, the current values of the vectors (14,4ly,...,/4,),
(PP p) s Ay A), (6F,05,...,07) and (z7,72,...,77), respectively.

Let Y be the vector of observed data (Y;,...,Y,). Let X =(X;,X,,...,X,) be the vector of current
values of the states of the Markov chain at times t =1,2,...,n, respectively. Let X" = (Xfxg) be the
distinct values in X.

5.1 Modifying the observed data set

In order to obtain the conditional distribution of the parameters, we first need to extract the change in
the log-claims and the recourse increments between the jump times of the Markov chain. Let

0=t, <t <t, <...t; be the times at which the path X changes state. Define the log-claims and the
recourse increments between the jump times, W, = IOg(Ntk/Ntk l) and W, = Dtk — Dtk . k=1,2,...,J

respectively. To obtain realizations of the W, from the observed Y process, we need to simulate Gaussian

random variables conditioned on their sums.
Consider any t€{0,1,...,n} for which the chain changes state at least once in the time interval

[t—1,t]. Let t,, <t—1<t <..<t, <t<t
p>1. Let V' =log(N, /N,,), V' =D, ~D,y, V* =D, ~ D, and V* =log(N/N, ). Then

the increment of the equations (13) and (14) respectively are

p
Y =Vi+ ENkH +V? (27)
=)

kips1 De the jump times that lie in [t—1,t], for some

and
o p o
Y, =V + E Wi +V2. (28)
i=1

Suppose for some that the chain X is in state j; in the time interval [t, ., ,,t..;), i=0,1,..., p+1. Set

So =t —t-1, 5=t -t.,,,i=12,...,p,and s, =t-t,,.

K-+i

— - —_ 2 - — - =
Let m; = u(j;)s;, v; =7°(J))s; and L; = A(j;)s; 1=0,1,..., p+1. Remember that

~15cmy, = Yoexp{I;(r(s)st +xdP) + j;(ﬂ(s) —@)ds}

25emxI,.. (1+&AP)e ™"
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t=12,....n,
where £(t),7°(t) and A(t) are as defined in (20).

It is easy to see that the joint conditional density of (\/tl’Wk+1" ) given Y, =V is

k+p

f(UgsUy,...,Up) = CHZ—exp(——(u —m —kI)?=L,), (29)

i=0 I=1
where C, is a constant that depends on Yy and the parameters. Thus, one can simulate the variables
VLW W, .. W, from independent Gaussians and then obtain V,? using (27).

Let m; = p(J;)s; and v, = o’(j)s;, 1=0,1,..., p+1. Remember that Y, :N(p(t),c*(t)),
where p(t),c?(t) are as defined in (20). It is easy to see that the joint conditional density of
V" Wegs- - Wi, ) given Y, =y is

p 1V +Vv
f(Ug Uy, u,) =G [exp(-=—"=  (30)
iz0 2 V.V

i Vp+l

p+lm +V (y mp+l)

),

VitV
where C, is a constant that depends on Yy and the parameters. Thus, one can simulate the variables
71
Vi W, W y,. W,

k+p from independent Gaussians and then obtain \7t2 using (28).

Using the above procedure, we can obtain a realization for all W, for which [t,_,,t, ] [t—1,t], for

some te{0,1,..,n}. Now for any Kk for which there is a =0, such that
t-1<t , <t<t+l<...<t+q<t <t+g-+1 we canobtain W, using the relations

q
W, =V +

i=1

+Vtiq+1 (31)

t+i
and
~ 2 q
W, =V," +
i=1
Note that the W values depend on the path X and need to be computed in each iteration.

71
+ Vt+q+l (32)

t+i

5.2 The Gibbs sampling procedure

We are now ready to estimate the posterior distributions of the parameters using Gibbs sampling. Each
iteration produces one realization of the parameters from their approximate posterior distribution. Each iteration
consists of a large number of samples obtained recursively for each parameter conditioned on the current values
of the other parameters and the data.

5.2.1 Estimation procedure of the IBNR claim parameters

« Conditional for 4. Foreach j € X" let us draw

JI F#J_

where the density of 4; is calculated as follows:
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dP, {u;,p.c"W X }
J.dPﬂj{/Jj,p,Tz,W X}

4P, ()4 P X, 6} =

dP,,j (y)d,, P{W | H}dP{6, 72, p}
- IdP#de P{W | H}dP(0,7%,p)

dP, ()3 P+ kN H,N = I3P(N = 1)

) JdP, (9)Y.0, PEr+kN|H,N = }P(N =1)

Where H = (TZ,X,p,yj = y@,ffl). For each jeX\X", independently simulate
#(J):N(@.¢").
- Conditional for 7. Foreach je X letus draw
(i) F,
where the density of 7; is calculated as follows:
dP, {r{.p.a X 7] =y}
JoPAef pusX |77 = v}

dPy () {£°(DIp.uW X, 6}=

dPTJ_ (y)d, PW |72, X, p,7] = yO,723dP{0,7%, p}
J'dP,de PAW |2, X, p,z} = y0,7%3dP(0,72,p)

dPTJ_ (y)idW P{n+KkNI|F,N =1}P(N =1)

fop, (V)3 d, Pl +KN|F,N = [JP(N = 1)

yiep( )
I I1... _..N
r(v)v, = ey =0l

y”lexp(_vy) .
Y25, N
J‘ F(Vl)vgl {k.th—J} k.l

(A1) exp(—AA)
I

exp(w, —(y +kl))*

Where F =(X, p,rjz = yé’,rfl). and N, =
\/2m2(tk —t4)
Also for each j € X \ X, independently simulate 7°(j): T'(v,,v,).
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« Conditional for X.

N
(X1p):2pioy, (33
i=1

where

. 1 AL) xexp(-AA
PO, ) POV 1R X = X, POC X, 5P} il el —(y - A o0
N U :

where {X!",...,x""} denote the current m = m(i) unique values of the states and t,, W, are as defined in
subsection 5.1 for the path X;, 1 =1,...,N.

+ Conditional for p.

p,=V,,and p,=(1-V,)---(1-V,,)V,, k=23,...,N -1, (34)
where
V. BL+r @),
r, equal 1if i =K and O else.
+ Conditional for « .

(OC| p): F(N +m, =11, _Nz_llog(l_vi*)j,

i=1
where the V ~ values are those obtained in the simulation of p in the above step.
« Conditional for 6.

O1u):N@" ), (35

. T Y
0" =2 up
=1

-1
gM_M+1
™ A)
5.2.2 Estimation procedure of the IBNER claim parameters
We are now ready to estimate the posterior distributions of the parameters using Gibbs sampling. Each

iteration produces one realization of the parameters from their approximate posterior distribution. Each iteration

consists of a large number of samples obtained recursively for each parameter conditioned on the current values
of the other parameters and the data.

where

and

« Conditional for p. Foreach j € X" let us draw

(Pj |6, Tp,G’X’W):N(p;’O'D’ (36)
where
. W, Z
Pj =0 ————+— |

T
kx, =j0j t-t) 7
%1
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-1
o=+,
o, T
and N; being the number of times j occurs in X. For each je X \ X", independently simulate
p; ‘N@,7”).

- Conditional for &. Foreach je X let us draw

n. .
(o‘j|p,V,X,W)ZF(V1+?J,V2,j), (37

where

Vs

W, —p, (t, —t, 1))’
i Z f )

Also foreach je X \ X7, mdependently simulate o 1 T'(v,,V,).

i~V

« Conditional for X.

N
(X1p): 2P, (@9
i=1

where
TIN( H 7 (39)
j=1 {kX 2 (t _tk 1))
tk—l
1 i 2
—gw\/k —Pj (tk _tkfl))
xXe . ) pi ) (40)
where {X;"",...,X:"} denote the current m=m(i) unique values of the states and t;, W, are as defined in
subsection 5.1 for the path X;, 1=1,...,N.
« Conditional for p.
p,=V,,and p,=(1-V,)---(1-V, V., k=23,...,N -1, (41)
where

V. BL+r @),
r, =1if i=K and O otherwise.
» Conditional for « .

N-1
(Ol| p): F[N +m, =1, —Zlog(l—Vi )}
i=1
where the V™ values are those obtained in the simulation of p in the above step.
« Conditional for 4.
©@1p):NE" ), @

*
M
. T
g = pE)j'
T j=1

where

and
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. (M 1Y
T = —+—] .
™ A
VI. Implementation

The algorithm presented in the previous section was implemented in C language. The implementation

includes

- functions that simulate standard probability distributions Uniform, Normal, Gamma, Beta,
Exponential.

- a function that returns an index €{1,...,n} according to a vector of probability p,,...,p,.

- a function that simulates a probability vector according to stick-breaking scheme.

- a function that simulates N paths of a Markov chain.

- a function that records the number of times a state appears in a path.

- a function that chooses one of the paths according to a vector of probability.

- a function that modifies the parameters of prior distributions according to the formulas of the
posteriori distributions.

After having simulated a number of paths, we perform the iterations. At each iteration a path is
randomly selected and the parameters are updated according to posteriori formulas. At the end of each iteration

of the Gibbs sampling, we obtain a path X of the Markov chain. From this, the parameters 7z and Q, can be

re-estimated. From Q,, the parameters 4; and p;; can be derived.

6.1 Reinsurance data of the B.E.S.T.R.E company ]
We have also applied our algorithm to the reinsurance data of the B.E.S.T.R.E company from

21/12/2006 to 15/11/2007. For this dataset of Incurred But Not Enough Reported claims reserve D; . We

have, N =250, At =1, and we deal with N =100 paths while Gamma( 2,4 ) is the prior for .

With the above choice, we obtain four regimes for which the estimates for the mean, variance and
stationary probabilities are as follows:

R1 R?2 R3 R4
)7 -740.4 1110.6 10612.4 -1727.6
o 5.9 7.2166 12.3023 4.3800
4 43 % 13 % 10 % 34 %

The parameters A;s and the matrix of transition probability (pi,j)i,jzl,...,64,i¢j of the most frequent
Markov chain path are respectively equal to:

A 2, 2, 2,
5 1.2 1 1.12
0.5 0.03 0.47
0.04 0.61 0.35
026 0.2 0.54

0.375 0.325 0.3

On the other hand, for the dataset of Incurred But Not Reported claims reserve Nij. We have,

n =250, At =1, and we deal with N =100 paths while Gamma( 2,4 ) is the prior for .

With the above choice, we obtain six regimes for which the estimates for the mean, variance and
stationary probabilities are as follows:
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R1 R?2 R3 R4 R5 R6
7 9225 35254 | 863.2 | 285421 | 13254.2 22581
o 9.132 7.2166 | 2.3023 | 7.3800 1.186 | 3.3372e-05
T 20 % 3% 29% 5 % 10 % 33 %

The most frequent Markov chain path, its parameters A s and the matrix of the transition probability
( Pi | )iyjzlv_wﬁyi#j are respectively equal to:
3536363616513635336656361141613366631333633345666646111

666661333161335633165413646335636236133616655115353361656166
316311623666332666133663136616611615351353413353136661356533

6361356665163311666361363666663636646361164613436.

A A Ay A As A
.25 1 1.42 1 1.05 1.73

0 0.48 0.03 0.06 0.42

0 0.66 0 0 033

0.16 0.02 0.062 0.2 0.54

0375 0 0 0.125 0.5

0.157 O 0.42 0.052 0.36

0.36 0.038 0.384 0.077 0.134

Acknowledgment: We would like to thank the B.E.S.T.R.E company for sharing the reinsurance data
with us.
VII.  Conclusion
A Bayesian approach to estimation for a regime switching geometric Brownian motion is proposed. The
algorithm while being computationally intensive is able to segregate the different regimes based on the drift and
volatility, thus giving useful insights into the behavior of the sinister. It has been observed empiricaly that
sinisters fluctuate between periods of high, moderate and low volatilities. The above estimation procedure
provides a clear quantitative picture of the number of regimes and an estimate of the drifts and volatilities in
these regimes. Estimation of current sinister state is also easier using the algorithm proposed compared to
models using continuous stochastic volatility models. Given an estimate of the regime, the algorithm also gives
an idea of likely duration for which the regime is likely to persist and the distribution of the regimes that may
follow.
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